Comprehensive sets of derivatives of Helmholtz energy transformations of several common cubic equations of state are presented. These derivatives can be used for implementing cubic equations of state into complex multi-fluid mixture models when no multiparameter equation of state is available for a mixture component. Thus, pure fluids (or mixtures) for which no accurate model exists in literature can be modeled with a relatively small set of fluid property data. Composition derivatives have been calculated for the cases where the last mole fraction is either an independent or dependent variable. Analytic derivatives are presented up to fourth order in the independent variables combined with composition derivatives up to third order; this set covers the common requirements for derivatives needed in the state-of-the-art thermophysical property libraries. A C++ implementation of the presented analyses, data for computer code validation, and information about the computer algebra tools used to calculate the intermediate derivatives are provided as supplementary information.
all thermodynamic information about a particular system. Such all-inclusiveness is a mark of potential functions, in this case of thermodynamic potentials. The best known of these are [1] Dependent Independent
where u is the internal energy, h is the enthalpy, s is the entropy, a is the Helmholtz energy, g is the Gibbs energy, v is the volume, T is the temperature, and p is the pressure. Thermodynamic potentials are equivalent because they are Legendre-transforms of each other. The two potentials with measurable quantities as independent variables are the Gibbs energy g and the Helmholtz energy a. The Gibbs energy in the form of the chemical potential is the basis of phase equilibrium calculations in chemical engineering while formulations of the Helmholtz energy have been preferably applied to correlate wide-ranging data and properties of pure fluids with high accuracy. Such formulations are implemented in the current state-ofthe-art thermophysical property libraries: NIST REFPROP [2] , CoolProp [3] , and TREND [4] .
The Helmholtz energy a is commonly expressed as a sum of the ideal-gas contribution a 0 and the residual contribution a r . In practice, the Helmholtz energy a is non-dimensionalized by the product of the gas constant R and the temperature T , and the independent variables are transformed as well, yielding 
As an example, the enthalpy and entropy can be obtained from 
Additional derivatives can be found in the book of Span [5] or the paper of Lemmon et al. [6] .
In this work we consider only the residual Helmholtz energy r α and not the ideal-gas Helmholtz energy 0 α ; the residual Helmholtz energy can be obtained from an explicit transformation of pressure-explicit cubic equations of state, while the integration of the ideal-gas specific heat is required to obtain 0 α .
Pure Fluids
Helmholtz energy formulations are able to represent the experimental data available within their uncertainties but are relatively complex and thus difficult to evaluate. Furthermore, the multiparameter models are empirical in nature, and must be correlated to large datasets of high-accuracy experimental data to yield high-accuracy calculations of thermodynamic properties.
These multiparameter equations represent the state-of-the-art in high-accuracy representations of pure fluid properties. For instance, the residual part of the equation of state for propane of Lemmon et al. [7] has the form 
, 
which is a combination of polynomial-like (the first summation), polynomial plus exponential (the second summation), and Gaussian terms (the third summation). All subscripted symbols represent adjustable parameters.
Mixtures (the Multi-Fluid Mixture Model)
For Helmholtz equations of state, the multi-fluid mixture model, see Refs. [8] [9] [10] [11] [12] [13] [14] , is regarded as stateof-the-art. This model has the advantage that highly accurate formulations for pure fluids can be directly used in the mixture model; all pure fluid contributions to the reduced residual Helmholtz energy are evaluated at the same reduced temperature τ and reduced density δ , not at the same temperature T and density ρ . Mixture properties are then obtained by combining the reduced Helmholtz energies of the pure fluids. Hence, in order to apply this model, Helmholtz-energy-explicit equations of state must be available for all components in the mixtures.
In the multi-fluid models implemented in NIST REFPROP [2] , CoolProp [3] , and TREND [4] , the contributions from the pure fluids are combined in the following manner to add the composition dependence
where r oi α is the contribution from the i -th pure fluid, which is in general given by a multiparameter equation of state like that shown above in Sec. 1.2. The term r ij α is a departure function used to shape the thermodynamic surface for a given binary pair, and ij F is an adjustable parameter that can be used to scale departure functions developed for common families of binary pairs. Equation (7) corresponds to the GERG mixture model [11, 12] .
According to the multi-fluid model, the reducing temperature r T and the reducing density r ρ are functions of composition r ( ) T x and r ( ) x ρ [11, 12] . In the limiting case of pure fluids, the reducing temperature becomes the critical temperature of the pure fluid c T and the reducing density becomes the critical density of the pure fluid c ρ . Some mixture properties (like pressure or enthalpy) can be straightforwardly obtained from τ and δ partial derivatives of α . Other properties, like fugacities or fugacity coefficients, require composition derivatives. For instance, the fugacity can be given by [11, 12] r , , exp . Details of the derivations required to obtain the fugacity in terms of derivatives of r α are given in Refs. [11, 12] .
Cubic Pressure-Explicit Equations of State
While the development of multiparameter Helmholtz energy formulations requires experimental data of multiple properties of good quality over a broad temperature and pressure range, the only information needed to use cubic equations of state are the critical temperature, critical pressure, and acentric factor (or vapor pressure curves in the case of the Mathias-Copeman equation for ii a ). The most frequently used types of cubic equations of state are the equations by Soave, Redlich, and Kwong (SRK) (as in Soave [15] and Redlich and Kwong [16] ) and Peng and Robinson (PR) [17] .
As noted by Michelsen and Mollerup [18] , cubic equations of state can be expressed in a common form given by
where v is the molar volume in m 3 ⋅ mol 1 − , R is the universal gas constant in J ⋅ mol
a is the mixture attractive term in J ⋅ m 3 ⋅ mol Other even more general functional forms have been proposed that cover an even wider range of potential structures for cubic and cubic-like equations of state. For instance, the reviews of Poling et al. [19] , Wei and Sadus [20] , and Valderramma [21] provide a thorough discussion of the multitude of cubiclike functional forms that have been developed since the equation of state of van der Waals in 1873 [22] .
In this work, Helmholtz energy translations for cubic equations of state are presented. All cubic equations have been handled in a universal formulation. The presented formulations also allow for the use of cubic equations of state in multi-fluid models, i.e., the Helmholtz energy contributions for the pure fluid in multi-fluid models can be calculated either from multiparameter equations of state or cubic equations of state.
Cubic Parameters
For cubic equations of state, usually one-fluid mixture models are used, see e.g., Soave [15] or Peng and Robinson [17] . In the case of one-fluid mixture models, the mixture properties are not modeled by combining the pure fluid contributions (as in the multi-fluid mixture model) but by applying mixing rules to fluid specific parameters for a hypothetical pure fluid. 
The cross attractive term ( ) ij a T is given by the form
where 0
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In the classical cubic formulations of Peng-Robinson [17] and Soave-Redlich-Kwong [15] , the form of ii
where 0,ii a and ii m are fluid-specific constant terms particular to the equation of state. Table 1 gives the forms of the constants for three common cubic equations of state. In engineering practice, it has been found that more flexibility in the form of ii a is required, particularly to fit the vapor pressure curves of polar fluids. Numerous attempts have been made to arrive at an ii a term that gives additional flexibility, and one of the most commonly used forms is that of Mathias and Copeman [24] 
where, in the absence of sufficient experimental data, 1,i C can be set to ii m and 2,i C and 3,i C can be set to zero to yield a predictive scheme for ii a . Therefore, Eq. (13) can be considered a special case of Eq. (14), and we can carry out the derivations through the use of Eq. (14) with no loss in generality. The MathiasCopeman equation is commonly used because it is straightforward to obtain the coefficients , n i C , either by optimization, or from tabulated values (like those of Horstmann et al. [25] for more than 1000 fluids).
If the mixture has only one component (i.e., a pure fluid), the m a and m b terms simplify to T have to be handled depending on the way that the model is to be used.
Pure Fluid and Multi-Fluid Mixture
The first case is that cubic equations are used to model a pure fluid (either for pure fluid properties or as a contribution = ; the reducing parameters need to be equal to the critical parameters of the fluid. The inverse reduced temperature τ and the reduced density δ for models explicit in the non-dimensionalized Helmholtz energy is as described in Sec. 1.
Mixture as One-Fluid
The second case is that Helmholtz-energy-translated cubic equations of state are used in a one-fluid mixture model, which corresponds to the "usual way" of handling mixtures with cubic equations of state. 
Molar Composition
In general, a mixture of N components is specified by its molar composition -though in some fields mass fractions are more prevalent. Additionally, in other literature, mole numbers are taken to be the independent variables rather than mole fractions. The mole fractions can be considered in two ways:
• all of the mole fractions 1 x to N x are treated as independent variables • only the first 1 N − mole fractions are considered as independent variables. If N x is a dependent variable, it is therefore determined from the other mole fractions from
The distinction concerning N x only appears in the composition derivatives of the mixture terms m a and m b . This dependency is implicitly invoked in all other equations and composition derivatives.
Conversion to Residual Non-Dimensionalized Helmholtz Energy
As described above pressure-explicit cubic equations of state can be transformed into a Helmholtzenergy-explicit equation of state with reciprocal reduced temperature and reduced density as independent variables. Thus in the first step, the necessary variable substitutions are made in Eq. (9) 
The compressibility factor Z is given by r , p Z RT δρ = (20) and since
the derivative of the residual non-dimensional Helmholtz energy with respect to δ is given by r r 1 1
.
Therefore, in substituting p from Eq. (19) into the right-hand side of Eq. (22), we obtain
The residual non-dimensional Helmholtz energy is then obtained from 
with the assumption that 1 2 0 ∆ − ∆ ≠ . This is true for SRK and PR, but not for the van der Waals equation of state, which has the constants 1 2 0 ∆ =∆ = . For the van der Waals equation of state, setting 2 0 ∆ = , taking the limit as 1 ∆ approaches zero, and with the use of a single application of l'Hôpital's rule, it can be shown that Thus all three equations of state (SRK, PR, vdW) can be treated with a similar formulation.
In order to make use of the one-fluid model, derivatives with respect to τ and δ are required, for instance, in order to calculate the pressure as shown above. In this work, we provide a large number of analytic derivatives, including τ , δ , and composition partial derivatives. They were selected as the minimal set of derivatives needed to calculate critical points of binary mixtures with the use of entirely analytic derivatives.
Derivatives at Constant Composition
After having obtained the closed-form solution for the residual Helmholtz energy r α from Eq. (25), it is necessary to obtain several derivatives with respect to τ and δ at constant composition. The partial derivatives of r α at constant composition can be expressed in a compact form
where x is the composition vector, and where the derivatives of the product of m ( ) a τ τ can be expressed in the formulation
which is simply the n -th order partial derivative of a product. All 0-th order partial derivatives are given by 
In order to simplify the derivatives of 
The reader might be interested to confirm that 
Derivatives of m a and m b
The n -th partial derivative of m a (from Eq. (10)) with respect to τ at constant composition can be given by
The term m b has neither τ nor δ dependence, and therefore all derivatives of m b other than composition derivatives are equal to zero.
Derivatives of ij a
The term ( ) ij a τ is described above and given by the form in Eq. (12), where the only modification here is that we express the equation with τ as the independent variable instead of T . In order to avoid a rapidly increasing number of terms in higher derivatives of ( ) 
and therefore
The advantage of this substitution is that all derivatives of ij a with respect to τ can be expressed in terms of ij u and its derivatives, resulting in derivatives with more compact analytic forms. The first four derivatives of ij a with respect to τ can be given by
where we have assumed that ij k is a constant and not a function of temperature or composition. The first four derivatives of ij u with respect to τ can be given by .
We then obtain the derivatives of i D from 
with the derivatives of i B from 
and finally the derivatives of ii a from 0,
In the case that 1 
Composition Derivatives
The non-dimensionalized residual Helmholtz energy r α is given by Eq. (25) . In order to make use of the one-fluid model for carrying out mixture calculations like vapor-liquid equilibria, or to calculate critical points with the use of analytic derivatives, a large number of composition derivatives is required. 
The individual derivative terms involved in each derivative are covered in the following sections.
Composition Derivatives of
The derivatives of 
Composition Derivatives of 12 Π
As given in Eq. (43), the intermediate term 12 Π is given by 0.
The second cross composition derivatives with up to four δ derivatives and all other mole fractions held constant are given by 0.
The third composition derivative is given by 
The fourth mixed derivative (three with respect to composition, and one with respect to δ ) is given by 
Composition Derivatives of
where the parameter 12 Π is obtained from Eq. (43). Furthermore, we introduce a term 
With the use of the A and c parameters and their derivatives, the first two composition derivatives of 
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For mixed derivatives with one composition derivative, the first four δ derivatives of 2 2 
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The first composition derivative of m a with respect to composition when all N components of the mixture are assumed to be independent is given by m 1 ,
2
The summation form of this derivative can be demonstrated for a ternary (three-component) mixture, where the pattern becomes evident, as can be seen from 
The second composition derivative of m a (for N x independent) is given by
for all i and j . This result can be seen by inspection of composition derivatives of Eqs. (128), (129), and (130) for the ternary system. All further composition derivatives of m a are equal to zero. 
All further composition derivatives of m b , as well as all derivatives with respect to τ , are equal to zero.
N x Dependent
The first 1 N − components are independent variables, and the last component N x is the remainder of the mole fraction. The formula for m a from Eq. (10) can be expressed in four pieces, one as the primary matrix for the first ( 1) ( 1) N N − × − components, one for the N , N element, and two pieces for the remainder of the N -th row and the N -th column. Figure 1 shows the bands in the matrix in a graphical sense. The cells with no color correspond to the entries where both i and j are independent mole fractions, in red, both of the i and j mole fractions are dependent variables, and in green, one of the i and j mole fractions are dependent variables. 
Supplemental Materials
• C++ code implementing all the analyses presented here. In the case of an inconsistency between the analytic derivatives as typeset here and the C++ code, the C++ code should be used because it has been numerically validated.
• Jupyter notebook demonstrating use of sympy symbolic math package (and a PDF translation of the notebook).
• Sample derivative data for a three-component mixture.
